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Abstract
This article studies the containment control problem for multi-agent systems
with input delay under spatial boundary communication by employing an
event-based approach. Firstly, the collective dynamics of multi-agent systems
are described as parabolic partial differential equations (PDEs). Applying the
integral transformation method developed in PDEs, the delayed parabolic PDEs
are transformed into a series of new coupled PDE-PDE systems. Then, by taking
the spatial boundary communication scheme into account and using the local
boundary information, two boundary containment control protocols together
with a dynamic event-triggered scheme (DETS) are designed, such that the states
of all followers converge to a convex hull formed by multiple leader agents with
and without input delay. The optimal protocols are given by minimizing the
2-norm of the designed control gain matrix, and the exclusion of the Zeno behav-
ior is analyzed. Finally, a numerical simulation example is provided to support
the main results.

K E Y W O R D S

containment problem, delayed parabolic PDEs, Multi-agent systems, spatial boundary
communication

1 INTRODUCTION

Multi-agent systems (MASs) have received much attention over the past few decades, since their collective behaviors
can describe various engineering applications including distributed optimization, sensor networks, formation control, to
name just a few. Generally, these collective behaviors are modeled as special differential inclusions,1 linear and nonlinear
ordinary differential equations,2,3 or second-order differential operators.4 However, as more and more spatio-temporal
behaviors appear in References 5 and 6, partial differential equations (PDEs), which have attracted ever-increasing atten-
tion (see References 7 and 8 and references therein), have been a better choice to model MASs. There are numerous works
on the control problems of PDEs.9-13 For instance, the authors in References 7 have modeled the MASs as high-order
PDEs. Based on the PDE models, a boundary controller has been proposed for complicated formations of the MASs. In
addition, other control problems have also been addressed for PDEs including dissipative boundary conditions,9 boundary
control,10 stabilization,11,12 and output consensus problems.13

[Correction added on 7 November 2022, after first online publication: the affiliation link of authors Jiachen Li, Tong Wang, Qingshuang Zeng in the
author byline has been changed to ‘1’ in this version.]
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2 ZHANG et al.

Containment, as a kind of particular collective behavior, has been a hot topic recently, and various containment algo-
rithms have been developed.14-25 One typical representative of containment is that a portion of autonomous vehicles are
driven into the required safe areas by designing a distributed control protocol using the neighbors information of every
vehicle. In Reference 18, an active disturbance rejection containment controller has been designed for the nonaffine non-
linear MASs with uncertainties. The containment problem of general linear MASs with multiple leaders19 have been
also investigated. To tackle the containment problem with time-varying delays, a novel Lyapunov-Razumikhin func-
tion has been proposed for second-order MASs in Reference 20, where the multiple leaders and dynamic followers are
both involved. Afterwards, when it comes to unknown MASs and heterogeneous MASs, the corresponding containment
control protocols have been established by using the adaptive control technology and the output regulation error technol-
ogy. However, until now, no PDE-based containment problem has been studied for MASs due to the complexity of PDE
dynamics and unknowability of spatial boundary control scheme.

Meanwhile, there are many practical constraints in engineering systems including agent constraints and environ-
ment constraints, which may deteriorate system performances and even leads to system’ instability. Noticeably, among
environment constraints, communication constraints and time delay have been non-ignorable factors in the process of
implementing control algorithms in digital platforms. To adapt to the limited communication environment, one effective
strategy is introducing an event-triggered scheme (ETS) into information transmission from sensors to controllers. Sev-
eral works have been published about the event-triggered control.26-32 At first, ETSs have been formulated by comparing
the norm of triggering errors and the norm of the last triggering states. Then, since the seminal work in Reference 27,
where an adaptive learning term is added as the new triggering threshold, more and more dynamic ETSs have been
set up.28-31,33,34 Note that the aforementioned ETSs aim at the control problems of finite-dimensional systems, and the
infinite-dimensional case can be found in Reference 32. On the other hand, numerous delays have been successfully dealt
with for the leader-following MASs, in which the Lyapunov-Krasovskii functional is used.35,36 However, the results on
containment of PDE-based MASs with time delay and communication constraints have been scattered, which reflects
containment algorithms need to be updated. Therefore, it is desirable to study the PDE-based MASs by taking ETSs and
time delay into account.

Motivated by the above discussions, this article develops two event-based boundary control protocols for the contain-
ment of a class of MASs with and without input delay, where agent dynamics can be captured by parabolic PDEs. Inspired
by Miroslav10 with the input delay and Reference 27 with the dynamic ETS, the MASs with input delay can be converted
into a coupled PDE-PDE system, and the dynamic ETS can be constructed using the local boundary information. The
optimization control problems are formulated by minimizing the control gain matrix. It is proven that the negative effect
of input delay is counted by the designed event-based controllers, and no Zeno behavior is exhibited in implementing
these controllers.

Contributions: The main contributions include three-folds. (a) A novel framework of containment problem for MASs
is proposed, where PDE-based MASs and input delay are involved. Compared with the existing containment frame-
works,18-25 the containment ODE problem is extended to more realistic and complicated PDE systems with input delay. (b)
A modified containment error is employed for multiple leaders, and the optimal containment protocols can be obtained
by solving some optimization problems. With comparison to the works related to PDE-based MASs, the requirement on
the global information is relaxed. (c) Unlike the existing works,35,36 where the delay systems are viewed as an ODE sys-
tem with disturbances, this paper treats the addressed delayed MASs as a coupled PDE-PDE system. It reveals a new
perspective of the containment control problem for MASs.

The subsequent sections are arranged as follows. Section 2 states the containment problem of parabolic PDEs and
some basic knowledge. Section 3 gives the design of the dynamic ETS and the boundary controller. Section 4 analyses
the convergence of the addressed MASs with and without input delay, and presents the optimal control protocols and
the exclusion of Zeno behavior. Section 5 provides a numerical simulation to testify the validity of main results. Section 6
concludes the whole article.

2 PROBLEM FORMULATION

2.1 Graph theory

Consider a MAS composed of N followers and M leaders. The communication topology of these followers is projected as
an undirected and connected graph  = ( ,  ,), where  = {1, 2, … ,N},  ⊆  ×  and = (aij)N×N are the node set,
the edge set, and the adjacency symmetric matrix, respectively. Each node represents an agent, and each edge represents
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ZHANG et al. 3

a communication link between any two nodes. If there exists an edge between node i and j, it means that these two nodes
have access to each other’s information and aij > 0. Otherwise, aij = 0. For every agent itself, there are no self-edges, that
is, aii = 0 holds for i ∈  . In addition, the connected graph  implies that a path can always be found for any two nodes.
The Laplacian matrix of the undirected and connected graph  is defined as = [lij]with lii =

∑N
j=1aij and lij = −aij, where

 = T , 1T = 0, and other non-zero eigenvalues of  are positive scalars.
The leaders are indexed as a set Γ = {N + 1,N + 2, … ,N +M}. For k ∈ {N + 1,N + 2, … ,N +M}, the connection

matrix of leader k is defined as Bk = diag{bk1, … , bkN}, where bkl is the connection weight between the leader k and the
follower l for l ∈  . If the connection between the leader k and the follower l exists, bkl = 1, otherwise, bkl = 0.

2.2 Problem statement

For the addressed MAS, the dynamics of the i−th follower are governed by the following parabolic PDE:

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝜕txi(z, t) = 𝜕zzxi(z, t), t ∈ R+

𝜕zxi(0, t) = 0, 𝜕zxi(1, t) = −ui(t − d)

xi(z, 0) = x0
i (z)

xi(t − d) = 0, if t − d < 0

, (1)

where z is the spatial position satisfying z ∈ [0, 1], t is the time, and xi(z, t) is the state. The second equation in (1) is the
boundary conditions, and ui(t) is boundary control input to be designed. The third equation in (1) is the known initial
condition, and d is the boundary constant input delay.

For k ∈ Γ, the kth leader is assumed to have the following dynamics:

⎧
⎪
⎨
⎪
⎩

𝜕tsk(z, t) = 𝜕zzsk(z, t), t ∈ R+

𝜕zsk(0, t) = 0, 𝜕zsk(1, t) = 0
sk(z, 0) = s0

k(z)

, (2)

where sk(z, t) is the state. In addition, the second equation and the third equation in (2) are the known boundary conditions
and initial condition, respectively.

Let us define ei(z, t) as the error vector of the i−th follower, which can be expressed as

ei(z, t) =
N∑

j=1
aij(xi − xj) +

N+M∑

k=N+1
bki(xi − sk). (3)

Denote x(z, t) = [xT
1 (z, t), … , xT

N(z, t)]
T as the state vector of N followers, s(z, t) = [sT

1 (z, t), … , sT
M(z, t)]

T as the state
vector of M leaders, u(t) = [uT

1 (t), … ,uT
n (t)]T as the overall input vector, and e(z, t) = [eT

1 (z, t), … , eT
N(z, t)]

T as the overall
error vector, respectively. Thus, the overall error dynamic can be described as

e(z, t) =
N+M∑

k=N+1
k

(
x(z, t) − 1N ⊗ sk(z, t)

)
, (4)

where k = k ⊗ In, and k = 1
M
 + Bk for k ∈ Γ.

Combining (1), (2), and (3), the overall error system (4) can be rewritten as

⎧
⎪
⎪
⎨
⎪
⎪
⎩

𝜕te(z, t) = 𝜕zze(z, t)

𝜕zek(0, t) = 0, 𝜕zek(1, t) = −
∑N+M

k=N+1ku(t − d)

e(z, 0) =
∑N+M

k=N+1k
(

x0
i (z) − 1N ⊗ s0

k(z)
)
.

. (5)
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4 ZHANG et al.

Inspired by Li et al.,19 Wang et al.,20 Liu et al.,21 where the input delay dynamics can be viewed as a transport PDE,
the overall error system (5) can be converted into the following coupled PDE-PDE system:

⎧
⎪
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎩

𝜕te(z, t) = 𝜕zze(z, t), z ∈ (0, 1)

𝜕ze(0, t) = 0, 𝜕ze(1, t) = −
∑N+M

k=N+1kv(1, t)

e(z, 0) =
∑N+M

k=N+1k(x0(z) − 1N ⊗ s0
k(z))

𝜕tv(z, t) = 𝜕zv(z, t), z ∈ [1, 1 + d)
v(1 + d, t) = u(t)

, (6)

where v(z, t) = u(t + z − 1 − d) is the state of the input delay.

Remark 1. In the existing containment works,20-23 the final positions of the followers are decided by the Laplacian matrix
of all agents and the leaders’ positions, which means that the controller design requires the prior knowledge of leaders’
connections. To avoid this requirement, this article employs a modified error, where the final positions of the followers
can be obtained directly instead of partitioning the whole Laplacian matrix. Furthermore, the required control protocol
is only related to the followers’ topology.

Remark 2. Note that the control problem of PDE-based systems has been studied in References 5-13, and two class of
control methods have been developed. The first method is the domain control, which requires actuators and sensors to be
deployed on a flat surface. This domain control is carried out by solving the linear matrix inequalities. The second method
is the boundary control, which means that the controller acts on the boundary of PDE systems. This boundary control
usually is accomplished with the baskstepping approach. However, until now, most controllers of PDE-based MASs are
implemented in a domain control manner, which brings some difficulties when poor physical conditions are available.
This motivates us to solve the control problem of PDE-based MASs by developing an event-triggered control scheme.

For the simplicity of further analysis, we denote x(z, t) = x, s(z, t) = s, e(z, t) = e, e(1, t) = e(1), and v(z, t) = v.

Lemma 1. For any square integrable and absolutely continuous function f (z) with z ∈ [0, 1], we have ||f (z)||22 ≤
4𝜋−2||𝜕zf (z)||22 if f (0) = 0 or f (1) = 0 holds.

Definition 1. For a finite set of given points Y = {y1, … , yq}, the minimal convex set is defined as Co(Y ) ={∑q
i=1𝛼iyi|yi ∈ Y , 𝛼i > 0,

∑q
i=1𝛼i = 1

}
.

Definition 2. The containment performance of the MAS (1) and (2), that is, the convergence of all followers to a convex
hull formed by multiple leaders, is satisfied if limt→∞ infy∈Co(sk(z,t)),k∈Γ ||xi(z, t) − y||2 = 0 holds.

In this article, the objective is to design two event-triggered boundary control protocols by using the local agents’
information based on the spatial boundary communication scheme, such that the addressed MAS without or with input
delay can achieve containment in the sense of the norm Θ1(t) or Θ2(t), respectively. Θ1(t) and Θ2(t) are defined as
||e(., t)||2L2(0,1) + 2

∑N
i=1𝜁i(t) and ||e(., t)||2L2(0,1) + ||v(., t)||2L2(1,1+d) + 2

∑N
i=1𝜁i(t), respectively. The L2 norm of the function f (z) in

the Soblov space is defined as ||f (z)||2L2(a,b) = ∫
b

a f 2(z)dz. That is, the key points of the containment problem are states as
follows. One is how to design the proper state boundary controllers with the spatial boundary communication scheme
rather than the domain communication scheme, by utilizing the local information of agents, the interaction topology
information and the known delay information. The other is how to construct the corresponding dynamic ETS to make
the containment performance analysis be easier, by combing the static ETSs and the dynamic triggered thresholds.

3 DYNAMIC EVENT-TRIGGERED CONTROLLER

3.1 Dynamic event-triggered scheme

Under the spatial communication scheme and by employing the available spatial state information e(1), the con-
trol problem of the infinite-dimensional PDE system can be accomplished by a boundary controller. In the process
of implementing the control law, the continuous controller updates are required. With the purpose of relaxing this
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ZHANG et al. 5

requirement, we assume that its triggering sequence is Σi = {ti
0, … , ti

k, …} and ti
0 = 0 for agent i ∈  . Then, the dynamic

event-triggered scheme is constructed as follows:

⎧
⎪
⎨
⎪
⎩

ti
k+1 = inf{t > ti

k|ẽ
T
i (1)ẽi(1) − 𝛼1ieT

i (1)ei(1)
−𝛼2i𝜁i(t) ≥ 0}

̇
𝜁 i(t) = −𝛽i𝜁i(t) + 𝜎i

[
𝛼1ieT

i (1)ei(1) − ẽT
i ẽi

]
, 𝜁i(0) > 0

, (7)

where ẽi(1) = ēi(1) − ei(1) is the event-triggered error with ēi(1) being the real state to be transmitted and ei(1) being the
ideal state of agent i. ti

k is the k−th event instant belonging to the triggering sequence Σi, which decides when to sample
and deliver the real system state. 𝛼1i, 𝛼2i, 𝛽i and 𝜎i are finite sets of positive scalars to be determined later. 𝜁i(0) is the
known initial state satisfying 𝜁i(0) > 0.

Remark 3. It has been proven in Reference 28 that dynamic thresholds 𝜁i(t) are always positive because of the strictly
positive property of its initial value 𝜁i(0). Besides, the value of 𝜁i(t) is monotonously decreasing for t ∈ Σi, if the designed
controller can drive the MAS (1) to achieve containment. In detail, when the consensus is ensured, we have ei

(
1, ti

k+1

)
≤

ei
(
1, ti

k

)
and 𝜁i

(
1, ti

k+1

)
≤ 𝜁i

(
1, ti

k

)
according to the definition of the Lyapunov energy function Θ1(t) or Θ2(t).

Remark 4. It is known to us that control design of the continuous MAS is on the basis of event-triggered scheme without
Zeno phenomena. Traditionally, the exclusion of Zeno phenomena is achieved by adding some factors into the triggering
function, such as, constants, exponential decay terms, noise terms, and so on. These factors play a significant role in
refusing executing infinite events during a finite time. However, since the traditional factors cannot adaptively change
the triggering function, this paper adopts a dynamic adaptive learning learning factor 𝜁i(t).

Remark 5. Compared with the existing dynamic ETSs,27-32 which have been applied into the finite-dimensional system,
the developed dynamic ETS (7) not only covers the infinite-dimensional case, but also can adaptively adjust the controller
strategy to optimize the impact of ETS on system performance. Besides, it provides a new perspective about how to design
the required boundary controller for MASs. In this case, the developed dynamic event-triggered controller not only solves
the control problem of infinite-dimensional MASs with the boundary control scheme and less events than the existing
event-triggered controllers, but also provides more freedom of the controller design in the Lyapunov stability analysis due
to the injection of the dynamic thresholds 𝜁i(t).

3.2 Boundary controller

In the ideal situation without any resource limitation, the state boundary controller for the couple PDE-PDE system (6)
can be constructed as follows:

u(t) =
(
⊗ In + IN ⊗ H

)
e(1), (8)

where H = diag{h1, … , hn} is the diagonal matrix to be determined later.
After the application of the constructed event-triggered scheme, the event-triggered boundary control protocol should

be implemented as follows:

u(t) =
(
⊗ In + IN ⊗ H

)
ē(1). (9)

Thus, the coupled PDE-PDE system (6) can be rewritten as the following compact form:

⎧
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎩

𝜕te(z, t) = 𝜕zze(z, t), z ∈ (0, 1)
𝜕ze(0, t) = 0, 𝜕ze(1, t) = −

∑N+M
k=N+1kv(1, t)

e(z, 0) =
∑N+M

k=N+1k
(

x0(z) − 1N ⊗ s0
k(z)

)

𝜕tv(z, t) = 𝜕zv(z, t), z ∈ [1, 1 + d)
v(1 + d, t) =

(
⊗ In + IN ⊗ H

)
ē(1)

. (10)
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6 ZHANG et al.

Remark 6. Note that the constant delay information can be treated as a first-order hyperbolic PDE, which has been
proven to be effective in Reference 10 . Then, the delayed MAS can be converted into a coupled complex system, where
the coupling terms only act on the spatial boundary position. In this case, the performance analysis of the whole system
will become easier than the conventional delayed system. Different from the conventional delay methods (such as con-
structing more complicated lyapunov function), this paper employs the delay conversion method to make the control of
infinite-time system with delay come true, relax the constraint of the upper bound of delay, and reduce the difficulties of
performance analyses.

4 MAIN RESULTS

In this section, we first analyze the convergence of the system (10) when neglecting the input delay. Then, we examine
the effect of the time delay on the convergence analysis. In what follows, we present the Zeno behavior analysis under
the constructed event-triggered scheme (7). Finally, we give the corresponding optimal protocols without and with
input delay.

4.1 Convergence analysis without input delay

Theorem 1. Consider the MAS (1) and (2) with any initial states under the designed event-based boundary consensus
control protocol (9) when neglecting the input delay. The MAS achieve containment, if there exists a diagonal matrix H with
proper dimensions such that the following inequality holds

⊗ In + IN ⊗ H − F1 > 0, (11)

where F1 = diag{𝜎1𝛼11, … , 𝜎N𝛼1N}.

Proof. Consider the following Lyapunov function along with state trajectories of the error system (6):

V1(t) = ||e(., t)||2L2(0,1) + 2
N∑

i=1
𝜁i(t)

=
∫

1

0
eTedz + 2

N∑

i=1
𝜁i(t). (12)

Calculating its time derivative with the system trajectories (6) and employing the integrating by parts leads to

d
dt∫

1

0
eTedz = 2

∫

1

0
eT
𝜕tedz

= 2eT
𝜕ze||

|

z=1

z=0
− 2
∫

1

0
𝜕zeT

𝜕zedz. (13)

Associated with the event inequality (7), the time derivative of
∑N

i=1𝜁i(t) can be computed as

N∑

i=1

̇
𝜁 i(t) =

N∑

i=1

(
−𝛽i𝜁i(t) + 𝜎i

[
𝛼1ieT

i (1)ei(1) − ẽT
i ẽi

])

= −
N∑

i=1
𝛽i𝜁i(t) + eT(1)F1e(1) − ẽTF2ẽ. (14)

where F2 = diag{𝜎1, … , 𝜎N}.
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ZHANG et al. 7

Combining the event-triggered boundary controller (9), the inequality (11), and the condition (14), we have

̇V 1(t) = −2
N∑

i=1
𝛽i𝜁i(t) + 2eT(1)F1e(1) − 2ẽTF2ẽ − 2eT(1)

(
⊗ In + IN ⊗ H

)
e(1) − 2

∫

1

0
𝜕zeT

𝜕zedz

≤ −2eT(1)
(
⊗ In + IN ⊗ H − F1

)
e(1) − 2

N∑

i=1
𝛽i𝜁i(t) − 2

∫

1

0
𝜕zeT

𝜕zedz − 2ẽTF2ẽ

≤ 0 (15)

which indicates that the MAS including (1) and (2) can achieve containment asymptotically under the designed
event-triggered controller (9), when the input delay is neglected. ▪

4.2 Convergence analysis with input delay

Theorem 2. For the MAS with input delay (1) and (2) under any initial states {x0
i (t)}i∈ and {s0

k(t)}k∈Γ, the designed
event-based boundary consensus control protocol (7) and (9) can drive it to achieve containment shown in definition 2 in the
sense of the norm Θ(t), if there exist two positive scalars a and 𝛾 , a quad {𝛼1i, 𝛼2i, 𝛽i, 𝜎i}k∈ , a diagonal matrix H with proper
dimensions satisfying the following condition:

Ω =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

Ω11 Ω12 0 0 0
∗ Ω22 Ω23 0 Ω25

∗ ∗ Ω33 0 0
∗ ∗ ∗ Ω44 Ω45

∗ ∗ ∗ ∗ Ω55

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

< 0, (16)

where Ω11 = − 𝜋

2

2
I + 𝛾I, Ω12 = 𝜋

2

2
I, Ω23 = −

∑N+M
N+1 k, Ω22 = − 𝜋

2

2
I + F1, Ω25 = (a + 1 + d)(⊗ In + IN ⊗ H)T , Ω33 =

−2(a + 1)I, Ω44 = −F2, Ω45 = (a + 1 + d)(⊗ In + IN ⊗ H)T, and Ω55 = − a+1+d
2

I.

Proof. Consider the following Lyapunov function along with state trajectories of the error system (6):

V2(t) = ||e(., t)||2L2(0,1) + ||v(., t)||2L2(1,1+d) + 2
N∑

i=1
𝜁i(t)

=
∫

1

0
eTedz +

∫

1+d

1
(a + z)vTvdz + 2

N∑

i=1
𝜁i(t). (17)

By integrating by parts and combining the error system (6), the time derivative of ∫ 1
0 eTedz can be

computed as

d
dt∫

1

0
eTedz = 2eT

𝜕ze||
|

z=1

z=0
− 2
∫

1

0
𝜕zeT

𝜕zedz. (18)

From Lemma 1, Equation (18) can be rewritten as

d
dt∫

1

0
eTedz = 2eT

𝜕ze||
|

z=1

z=0
− 2
∫

1

0
𝜕zeT

𝜕zedz

≤ 2eT
𝜕ze||

|

z=1

z=0
− 1

2
𝜋

2
∫

1

0

(
e(z, t) − e(1, t)

)T(e(z, t) − e(1, t)
)

dz. (19)
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8 ZHANG et al.

Similarly, the time derivative of ∫ 1+d
1 (1 + z)vTvdz can be derived as

d
dt∫

1+d

1
(a + z)vTvdz = 2(a + z)vTv||

|

z=1+d

z=1
− 2
∫

1+d

1
vTvdz. (20)

Substituting (14), (19), and (20) into (17), yields

̇V 2(t) = −
𝜋

2

2 ∫

1

0

(
e(z, t) − e(1, t)

)T(e(z, t) − e(1, t)
)

dz + 2eT
𝜕ze||

|

z=1

z=0
+ 2(a + z)vTv||

|

z=1+d

z=1
− 2

N∑

i=1
𝛽i𝜁i(t)

− 2
∫

1+d

1
vTvdz + eT(1)F1e(1) − ẽTF2ẽ

= −𝜋
2

2 ∫

1

0
(e − e(1))T

(
e − e(1)

)
dz + 2(a + 1 + d)uT(t)u(t) − 2(a + 1)vT(1)v(1) + eT(1)F1e(1) − ẽTF2ẽ

+ 𝛾
∫

1

0
eTedz − 2eT(1)

N+M∑

k=N+1
kv(1, t) − 2

∫

1+d

1
vTvdz − 2

N∑

i=1
𝛽i𝜁i(t) − 𝛾

∫

1

0
eTedz

≤
∫

1

0
𝜉

TΩ𝜉dz −min {2,min{2𝛽i|i ∈  , 𝛾}}V(t) (21)

where 𝜉 =
[
eT
, eT(1), vT(1), ẽT]T .

Since Ω < 0 is ensured in Theorem 1, it follows that

̇V 2(t) ≤ −min {2,min{2𝛽i|i ∈ }, 𝛾}V(t). (22)

Thus, the containment performance given in definition 2 is guaranteed, which completes the proof. ▪

Remark 7. Theorem 1 gives the sufficient condition (11) of the event-based boundary consensus control protocol for the
non-delay case, and Theorem 2 (16) for the delay case. Inequality (11) presents the relationship among the interaction
topology , the triggering parameters 𝜎i and 𝛼i, and the controller gain matrix H. When the interaction topology is fixed,
bigger triggering parameters usually requires bigger controller gain matrix. It can be seen that the required controller
(9) is directly influenced by the constructed triggering condition (7). But, this influence is indirect, which is reflected in
inequality (16) for the delay case, owing to the presence of the free parameter 𝛼.

4.3 Zeno behavior analysis

From the definition of ẽi(1) and the system (10), we have

̇ẽi(1) = −ėi(1) =
N+M∑

k=N+1
kvi(1, t). (23)

Taking the time derivative of ||ei(1)|| yields

d||ei(1)||
dt

=
eT

i (1)
||ei(1)||

ėi(1)

≤ ||ėi(1)|| ≤
|
|
|
|

|
|
|
|

N+M∑

k=N+1
k

|
|
|
|

|
|
|
|
||vi(1, t)||. (24)

When the containment of the system (10) is achieved, we have the deduction that the virtual boundary value vi(l, t)
and the boundary state ei(1) are bounded. Then, vi(l) − ei(1) is also bounded. Denote k = ||

∑N+M
k=N+1k|| and assume that
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ZHANG et al. 9

the constant c is the upper bound of vi(l) − ei(1), we have

d||ẽi(1)||
dt

≤ ||k||||ei(1)|| + c||k||. (25)

For a non-negative function 𝜙 = ||k||𝜙 + c||k||, it follows that 𝜙(t) ≤ c
(
e||k||t − 1

)
. Similarly, during t ∈

[
ti
k, t

i
k+1

)
,

the following inequality holds:

||ẽi
(
1, t + ti

k

)
| ≤ c

(
e||k||t − 1

)
. (26)

We can see that an event is not triggered for t ∈
[
ti
k, t

i
k+1

)
, if the following condition holds:

||ẽi(1)| ≤ 𝛼2i𝜁i(t). (27)

Associated the inequality (26) with the condition (27), the lower bound of ti
k+1 − ti

k must satisfy the following condition:

𝛼2i𝜁i(t) ≤ c
(
e||

k||(ti
k+1−ti

k) − 1
)
. (28)

Thus, we have

ti
k+1 − ti

k ≥
1

||k||
ln
(

1 + 1
c
√
𝛼2i𝜁i(t)

)
> 0 (29)

which indicates that the inter-event time interval is always positive. Therefore, there is no Zeno behavior for all agents.

4.4 Optimal control protocols

Since the control input is only related to the designed controller gain, the following performance function is usually
adopted to minimize the control effort for the overall system (6):

J =
∫

∞

t=0
uT(t)

(
IN ⊗ Q

)
u(t) (30)

with Q being the specified positive definite matrix.
However, owing to the coupling property of the control input (9), this paper modifies the performance function by

only taking the controller gain matrix H into account, which is described as follows:

J =
∫

∞

t=0
eT(1)

(
IN ⊗ HQH

)
e(1). (31)

As a result, for the noninput delay case, the optimal containment protocol for the MAS (1) should be obtained by
solving the following optimization problem:

{
min Tr(HQH)
s.t. 𝜆IN ⊗ In + IN ⊗ H − F1 > 0

(32)

and for the input delay case

{
min Tr(HQH)
s.t. Ω < 0

. (33)

Remark 8. It is noted that Theorem 1 and Theorem 2 reveal that the convergence of the MAS is related to the information
including the triggering parameters 𝜎i, the Laplacian matrix, and the designed control gain matrix H, and the controller
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10 ZHANG et al.

design depends on the positive and negative property of the term u(t). That leads to a fact that the co-design of the event
scheme (7) and the controller (8) requires the prior knowledge about the complete topology information. The problem is
that the fact is not always practical when more and more agents are involved in the MAS (1). To overcome this problem,
combining the properties of the Laplacian matrix  allows us to replace  in (11) with 𝜆2 and to replace  in (16) with
𝜆N , where 𝜆2 and 𝜆N are the smallest non-zero eigenvalue and the biggest eigenvalue, respectively.

5 SIMULATION STUDIES

In this section, a numerical simulation is carried out with the proposed event-based boundary protocol (9) to prove the
validity of the main results. Consider the overall error system (5) with a fixed topology, where two leaders and two follow-
ers are involved. The corresponding parameters are given as: e1(z, 0) = sin(2𝜋z), e2(z, 0) = z(z − 1), 𝛼1i = 0.01, 𝛼2i = 0.12,

𝛽i = 1.1, 𝜎i = 9.6524, i = 1, 2, d = 0.2s, L =
[
−1 1
1 −1

]

, B1 =
[

1 0
0 2

]

, B2 =
[

2 0
0 1

]

.

From Theorem 1 and Theorem 2, two event-based boundary protocols (9) with the corresponding dynamic
event-triggered scheme (7) can be obtained. Then, the simulation results including two cases are shown in Figures 1A–5B,
where the nondelay case and the delay case are given in the figures labeled a and the figures labeled B, respectively. The
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F I G U R E 1 Containment error trajectories e1(z, t) with or without input delay
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F I G U R E 2 Containment error trajectories e2(z, t) with or without input delay
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F I G U R E 3 Boundary containment error trajectories e1(1, t) with or without input delay
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F I G U R E 4 Boundary containment error trajectories e2(1, t) with or without input delay

containment error trajectories plotted in Figures 1–2, where e1(z, t) is shown in Figure 1 and e2(z, t) is shown in Figure 2,
show that the design controller (9) is effective in controlling the containment problem. The boundary containment error
trajectories are depicted in Figures 3–4, where e1(1, t) is shown in Figure 3 and e2(1, t) is shown in Figure 4. As is seen
from Figures 3–4, where the fluctuation value of boundary containment error trajectories e2(1, t) is bigger in the delay case
than the nondelay case, we can conclude that the derived protocol from (16) behaves better than the protocol from (11) in
controlling the MAS (1). The triggering instants are displayed in Figure 5 including Figure 5A,B. Form these figures, it is
shown that the input delay results in a bigger error and its negative effect to system performances can be compensated by
the developed protocols. Meanwhile, in order to show the superiority of the proposed dynamic event-triggered scheme,
comparisons have been added with the corresponding static event-triggered scheme (that is, set 𝛼2i = 0). The triggering
instants are depicted in Figure 6 including Figure 6A,B. The number of packages under static ETS and dynamic ETS are
listed in Table 1. It can be found easily that the proposed dynamic ETS behaves better than the corresponding static ETS
in saving network bandwidth resources.
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F I G U R E 5 Triggering instants under the proposed dynamic event-triggered scheme (7)
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F I G U R E 6 Triggering instants under the corresponding static event-triggered scheme (7 with 𝛼2i = 0)

T A B L E 1 Triggering numbers for agents with different triggering schemes during [0, 2]s

Agents Static ETS without delay Dynamic ETS without delay Static ETS with Delay Dynamic ETS with delay

Agent 1 456 412 116 102

Agent 2 499 401 324 298

6 CONCLUSION

This article has investigated the containment control problem for a class of MASs modeled by parabolic PDEs through an
event-triggered control approach. The input delay dynamics can be viewed as a hyperbolic PDE. By utilizing the spatial
boundary information, two event-based boundary control protocols have been proposed to ensure the containment of the
PDEs with and without input delay. For these two cases, the corresponding optimal consensus protocols can be obtained
by solving two optimization problems, where the global topology information is not essential. The exclusion of the Zeno
behavior is also provided. Finally, a simulation example is performed for the proposed control strategy.
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